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ABSTRACT 



Using a formalism developed by Polyclironakos, we explicitly construct a set 
^ , of invariants of the motion for the Haldane-Shastry SU {N) chain. 
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There have been several recent papers on the Haldane-Shastry model for spin 
chains and its SU{N) generalization [1-7]. This model is described by the hamil- 
tonian 



where Xi are the positions of the spins, equally spaced around a ring, and Pij is the 
operator that exchanges the spins at sites i and j. Haldane and Shastry found the 
wave functions for the antiferromagnetic ground state [1], showing it to be identical 
in form to the Sutherland ground state wave function for particles on a line with 
the inverse square potential [9] . These authors also found all possible energy levels 
for the system. 

It would thus seem that the Haldanc-Sliastry model and its generalizations are 
integrable systems. If the model is integrable, there must exist a set of operators 
that commute among themselves and with the Hamiltonian. Inozemtsev found the 
first such nontrivial operator, one involving the exchange of three spins [2] . Haldane 
later found two others, a four-spin-exchange operator that commutes with both the 
Hamiltonian and with Inozemtsev's operator, and a more basic two-spin-exchange 
vector operator he refers to as the rapidity [8] . 

In this paper we explicitly show that the Haldane-Shastry model is integrable 
by constructing a complete set of operators that commute among themselves and 
with the Hamiltonian. These operators are very similar in structure to those used 
by Polychronakos [10] in his exchange operator approach to the Sutherland and 
Calogero models [9,11,12], and by Polychronakos and one of the authors in gener- 
alizations of these models [13]. 

The key to our approach is that we consider the system as a set of N bosons 
with internal degrees of freedom which sit on the N sites of the lattice, only al- 
lowing states with one particle per site, as in the infinite-L'^ Hubbard model. The 
exchange terms making up the Hamiltonian provide both the kinetic energy, from 
hopping exchange of particles with different internal quantum states, and the po- 
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tential energy. The new feature revealed by our approach is that there are very 
simple single particle (as opposed to single site) operators that commute with the 
Hamiltonian, analogous to those used by Polychronakos for the continuum case 
[10]. This makes it possible to construct a series of extensive conserved quantities. 

To begin, let us assume that we have N bosonic particles sitting at different 
points on the circle. Let us further assume that the system propagates only by 
the particles exchanging their positions. Therefore, if the system starts with 
particles on N different sites, the system will evolve with one particle on each of 
these same sites. If the bosons had no other quantum numbers besides their 
positions, then this would be a trivial system. However, if the bosons have internal 
degrees of freedom then we will find a system with nontrivial dynamics. 

Inspired by the work of Polychronakos [10], we define an operator tTj, 




where Zi — exp(27rixi/L), Xi are the particle positions, Zij — Zi — Zj and My is 
the operator that exchanges the positions of particles i and j. Mij is an hermitian 
operator that satisfies the relations 

MijZi = ZjMij, MijZk = ZkMij iii^ j, 

Mjik = MijMik = MjkMij = MikMjk- 

Using these relations it is straightforward to show that 

[tTj, TTj] = MijTli - TliMij, (4) 

and therefore 

[nf,7rj]^Mijnf-nfMij. (5) 

The operator TTj is very similar to an operator considered by Polychronakos, the 
only difference being that our operator does not contain an explicit kinetic term. 
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Next consider the operator 

(6) 

i 

Computing the commutator of In with Im we find, 



m— 1 

(m— 1 m+n— IN 
a=0 a=n / 



Exphcitly antisymmetrizing in m and n then gives 

(m— 1 m+n—1 n—1 m+n— 1\ 
E- E -E+ E 1 = 0. (8) 

a=0 a=n a=0 a=m / 

Note that the commutation of these operators does not need the spacing between 
the sites to be equidistant. 

We next relate the In operators to corresponding operators in the Haldane- 
Shastry model. Operators in the Haldane-Shastry model involve the exchange of 
spins at particular sites on the lattice. Our operators involve the exchange of 
positions of particles that live on each site. But we can invoke the fact that the 
particles are identical to relate the two sets of operators [13]. Let us define an 
operator cxy that exchanges the spins of two particles, but not their positions. If 
the particles are identical, then the product aijMij acting on a symmetric wave- 
function is unity. Moreover, since cxy acts on spins and My acts on the positions, 
the two operators commute with each other. Hence, if we have a chain of M 
operators acting on a symmetric state, we can substitute for it a chain of spin 
exchange operators. For example, we can make the substitution on the following 
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product of operators: 



MijMjkMkm\ip) = MijMjkakm\tp) = crkmMij(Tjk\ip) = (9) 



This product of Mij operators is the cychc exchange operator for four particles. 
The corresponding spin product is the cychc exchange of spins in the opposite 
direction. 

FinaUy, to relate these spin operators of particles to spin operators at sites, 
we note that there is always one particle at every site. Hence any operator that 
contains symmetric sums over all particles can be substituted with an operator 
that sums over all sites, and where the spin exchange operator for particles aij, 
is replaced by the exchange operator for sites Pij. In particular, the operators 
In are now replaced with new operators In- The commutation relations of the In 
operators will be the same as the commutation relations for the original operators. 

To complete the proof of integrability, we consider the operator H, 



We now show that all TTj commute with H, if the sites are equally spaced. Consider 
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(10) 



first the commutator of tt^ with Hj Hi ^ j. Using the relations in (3), we find that 
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-4:ZjZi 



= -4E 

= -^E 



-Mik, , . 

Zik 



+ 
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— Mik, 7 Yi^jk 

Zik \Zjk) 



+ 
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Mik,-^ 


.Zij 




]} 


ZjZk 




{zjk? 



'''' M,. 



Mijk 



Zk ZjZk Zk ZiZj Zk ZjZ'l 



ZikiZjk? Z^kiZij? ZikiZij) 



2 l^jik 



Zi Zj Zk 



2 Mijk 



ZjZkZj 



Zjk{Zik)''^ Zij{Zjk 

Next consider the commutator of tt^ with Hi. We find 
[7ii,Hi] = -4j2'~' 



2^jik 



Zk , ^ ZiZl , ^ 

—Mik, T-^Mu 



-^E 

k^i 



^M,k,^,M,k 

Zik \Zikj 



-^E 



k^l 



Zk , ^ ZiZl , ^ 

Zik [Ziir 



= -^E 



+ Zk ZiZk 



^E 



k^l 



ZkZkZl 



■Mkil 



ZjZjZk 
Zlk{Zilf 



■M, 



ikl 



Summing over j in (11) and adding the expression in (12), we are left with 

Zi + Zk ZiZk 



[ni,H]^-Aj2 



ky^i 



Zik {Zik) 



(12) 



(13) 



In general, this expression is not zero. However, if we assume that the sites are 
equally spaced, then by translational invariance and the antisymmetry of the sum- 
mand, the sum is zero. 

Since all TTj commute with H then clearly, all In must commute with H as 
well. We may now perform the substitution of H for H in the same way that In 
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is substituted for In- Hence all In commute with H and therefore the system is 
integrable. 

Having established that the In form a commuting set of operators, we now 
examine some of these operators explicitly. The first such operator, 7i, is found 
from 7i, which is given by 

h = Y.^M,, = -\Y,fM,,. (14) 

Thus /i satisfies 

(15) 

where S is the total spin of the system. This operator trivially commutes with the 
Hamiltonian. 

A more interesting operator is /2, where I2 is given by 

^2 = EEf:^^.|T^^^= E f:|T^^^.- + E7f%- (16) 

The last term is just a constant. Symmetrizing the sum over i, j, and k, we find 
that I2 reduces to 

-^^1 ^ ^^M«» + i J: My, - l(iV^ - 1). (17) 
Hence we have 

'^ = -\ E '-^P'fl' + l E p»f-T2^t^'-^)- (18) 

The second term is a trivial exchange operator that commutes with the Hamilto- 
nian and the other In, therefore the first term must do so as well. To demonstrate 
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the significance of tliis operator, let us specialize to the case of SU{2). The anti- 
symmetric piece of P^-^ is given by —i{(Ti x aj) ■ aj^. Since the first term in (18) 
has no Zk dependence, it can be reexpressed as 



Since the Hamiltonian is isotropic in the total spin, then each component of A 
must commute with H. This operator is the rapidity operator defined by Haldane 
[8]. Let us act with this operator on the one magnon state, described by the wave 
function 

lV') = E'^ne''"|0)' (20) 

n 

where |0) is the all spins down state. Acting on this state with A^ gives 
1 ^ filill . _ -) ^(.„)V„-|0> 

2^ Zij \zj (21) 

-^^e1^(%-)'i^) 

^N{k-N/2)\^). 

— * 

Hence the z component of A acts like a momentum operator. 

For higher J^, one can show that the leading term is of the form 



-'noc 2^ Ph...in+i- (22) 

. , . Zi^ Zi^ Zi^ Zi^ Zi^_^ Zi 
ii^....i„+i 



This is basically a generalization of the rapidity operator and is not quite of the 
Inozemtsev-Haldane form for invariants. Since the leading term in In contains an 
n-spin exchange term, it must be independent of all Im, m < n < N, since Im 
won't have such a term. 
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Presumably, the Hamiltonian as well as the Inozemtsev-Haldane invariants 
lurk within our operators, but they fit in a nontrivial way. For instance, after a 
particularly tedious calculation one can show that /a is given by 



/g =A2 • 5 ■S-A-A+-H 

4 4 

A^2 + 37V + 20^ 3Ar-l4 ^ i (23) 

24 ^ 24 ^ -^^ ~ 8 ^ -^^^ 



where A2 is 

A2 = 4 E (24) 

The Hamiltonian explicitly appears in I^, but one can also show that the z com- 
ponent of A2 acting on the one magnon state satisfies 



- - {N - Pij + \{N' - 5)) IV). 



(25) 



The Hamiltonian and A • A acting on the one magnon state lead to terms quadratic 
in the momentum, hence all terms in 73 are basically equivalent to terms contain- 
ing the Hamiltonian or the rapidity, at least when acting on one magnon states. 
Likewise /4 will contain Inozemtsev's operator [2], 

E ^^^P^3k. (26) 

and other operators that lead to terms cubic in the momentum when acting on a 
single magnon. 

In conclusion, we have shown that the Haldane-Shastry SU{N) chain is in- 
tegrable by explicitly constructing a set of independent invariants of the motion. 
For the discrete case considered here, the Hamiltonian appears in the third level of 
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invariants. This contrasts to the Sutherland continuum model, where the Hamil- 
tonian first appears in the second level of invariants. In general, In acting on one 
magnon states will give n — 1 powers of the momentum. Hence the In are like 
derivative operators, although there is one less derivative than in the continuum 
case. 
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